Introduction
Till now, the largest known Cartesian closed coreflective subcategory of Top has been the coreflective hull Exp of the class of all spaces known as exponential (in Top) or quasi locally compact. All other known Cartesian closed coreflective subcategories of Top has been contained in Exp. In this paper vve show that there are Cartesian closed coreflective subcategories of Top which are not contained in Exp (Section 2) and, moreover, there is no largest Cartesian closed coreflective subcategory of Top (Section 3). Modifying the proof of the last mentioned result we prove in a simple way that the category of compactly generated spaces is not Cartesian closed (this was first proved in [3] ). Hence, we answer the first part of Problem 7 (whether Exp is the largest Cartesian closed coreflective subcategory of Top) of Herrlich in [lo] . The second part of Problem 7, whether Exp is a maximal Cartesian closed coreflective subcategory of Top, remains still open.
Preliminaries and notations
All subcategories are supposed to be full and isomorphism closed. (a) A topological space X is said to be an u-space provided that for any nonempty family S of open sets in X such that (S( < a the intersection of S is an open set. (b) A filter 9 is said to be an a-filter provided that for any nonempty subset S of 9 such that ISI < a the intersection of S belongs to 9.
Denote by Top, the subcategory of Top consisting of all a-spaces (TopiN, = Top). [lo] ) and for any u-space X the functor X x -: Top, + Top, preserves coproducts we obtain (see The exponential objects in the category Top were characterized by Day and Kelly in [6] . We present here an equivalent modification of their characterization.
Proposition
1.4. Theorem [lo] . A topological space X is exponential in Top if and only if X is quasi locally compact, i.e., for each x E X and each neighbourhood U of x there exists a neighbourhood V of x, such that each open cover of U contains a finite cover of V.
In the following we shall often write ccc subcategory instead of Cartesian closed coreflective subcategory.
Cartesian closed coreflective subcategories in Top,
We begin with a characterization of exponential objects in Top,. It is obtained in a natural way from Theorem 1.4.
Theorem. An a-space Z is exponential in Top, if and only tffor each x E Z and each neighbourhood U of x there exists a neighbourhood V of I such that each open cover S of U contains a cover S' of V, with IS'I < a.
To prove this theorem we can use the proof of [6, Theorem 31 with only formal modifications.
We describe here the main steps of the adapted proof following the procedure used in [6] . First we replace Theorem 2. (YEA'}EH.
Theorem 3(a). Let Z be an a-space and R as above. Then f x 1 z : X x Z + Y x Z is a quotient map for all quotient maps f: X + Yin Top, if and only tfZ satisJies the following condition (C): (C) Given WE 0 and z E W, there is an open set H in R, with WE H, such that n {V: V E H} is a neighbourhood of z in Z.
Denote by T the subset {( V, z): z E V} of R x Z. Let a' be an a-space with the same underlying set as 0. The u-topology of 0' is called admissible provided T is open in R'x Z. It is immediate that condition (C) may be written equivalently as:
(C') The topology of R is admissible.
Proposition 6(a). A function g: Y += 0 from an a-space Y to 0 is continuous if the set {(y, z): z E g(y)} is open in Y x Z.
Proof. We can use the proof of [6, Proposition 61 modifying the last three sentences in this way: Since g(y) E H and H is open in 0 it follows from (2a) that we can find S c g(y), with ISI < a, such that LJ { B1 : z E S} E H. Now, IJ { Bz : I E S} c g( 77)
for each r] in the neighbourhood n {A=: z E S} of y; so that for each such n we have g( 7) E H by (1) . This proves the continuity of g at y. 0 2.4. Proposition 7(a). The a-topology of R is the injimum of the set of all admissible a-topologies on the underlying set of 0.
Proof. In the proof of [6, Proposition 71 replace "topology" by "a-topology", "02"
by "(2a)", " the filter 0 on 2R generated by P," by "the a-filter 0 on 2R generated "topology" by "u-topology", " topological space" by "u-space".
Recall (see [9] ) that if 5% is a coreflective subcategory of Top, then B n Haus is a coreflective subcategory of Haus.
Denote by Exp, the coreflective hull of all exponential objects in Top, and put 
Proposition. For any infinite cardinal a the corejlective hull of C(a) in Top (Haus) is a ccc subcategory of Top (Haus).
Proof. Denote by %( C(a)) the coreflective hull of C(a) in Top. It is obvious that C(a) is an exponential object in Top, and %( C( a)) contains all finite powers of
C(a).
Hence, %( C(a)) is the coreflective hull of the family d of all finite powers of C(a) in Top, and d is a finitely productive class of exponential objects in Top, (a finite product of exponential objects is an exponential object). Thus, according to [ 10,2.2] %'( C(a)) is a ccc subcategory of Top. The coreflective hull of C(a) in Haus is %( C(a)) n Haus and this is a quotient reflective subcategory of the category
U(C(a)). Since %(C(a)) is a Cartesian closed top category %(C(a))n Haus is
Cartesian closed (see [lo, 2.21 In the following section we prove a stronger result.
Cartesian closed coreflective subcategories of Top and Haus
First we prove that there is no largest ccc subcategory of Top and Haus. It is easy to see that Proof. Similarly as in Proposition 3.1, using the following: Recall, that a topological space X is compactly generated when each subset U of X which intersects every compact subspace K of X in an open set in K is itself open in X. Obviously, the category CG of all compactly generated spaces is the coreflective hull of the class of all compact spaces in Top. 
